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Abstract

This paper introduces a novel Cascading Algorithm for arbitrage-free option pricing that employs Bayesian inference to achieve
provable convergence to equilibrium prices. The algorithm operates by propagating probabilistic price information across a lattice
of strike prices and maturities, with each node updating its posterior distribution based on messages received from neighbouring
nodes while respecting no-arbitrage constraints. We establish three principal theoretical contributions: first, we prove that the
posterior distributions concentrate around the true arbitrage-free prices at a rate of O(1/Vn) where n is the number of observed
transactions; second, we show that the message-passing dynamics converge geometrically to a unique fixed point under mild
regularity conditions; third, we derive explicit bounds on the approximation error when the algorithm is truncated after a finite
number of cascading iterations. The framework naturally incorporates prior knowledge from parametric models such as
Black-Scholes while allowing the data to correct model misspecification. Experimental evaluation on CBOE options data from
2010-2015 demonstrates that the Cascading Algorithm achieves 23% lower root-mean-squared pricing error compared to
standard calibrated local volatility models, and 31% improvement over naive Bayesian approaches that ignore arbitrage
constraints. The algorithm processes a full options chain in under 50 milliseconds on commodity hardware, enabling real-time
deployment in trading systems.
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I. INTRODUCTION

The pricing of financial options has been a central problem
in quantitative finance since the seminal work of Black and
Scholes [1] and Merton [2]. While the Black-Scholes
framework provides elegant closed-form solutions under
idealised assumptions, practitioners have long recognised
that real markets exhibit phenomena - such as volatility
smiles and term structure effects - that violate these
assumptions. This has motivated the development of
increasingly sophisticated models including local volatility
[3], stochastic volatility [4], and jump-diffusion processes

[5].

A fundamental requirement for any option pricing model is
consistency with the principle of no-arbitrage: it should not
be possible to construct a portfolio that generates risk-free
profit. Mathematically, this requirement constrains the joint
distribution of option prices across different strikes and
maturities. Violations of no-arbitrage constraints - which can
arise from noise in market data, asynchronous quotes, or
model misspecification - create opportunities for statistical
arbitrage that are rapidly exploited by sophisticated market
participants.

Existing approaches to arbitrage-free pricing fall into two
categories. The first, exemplified by local volatility models,
specifies a parametric form for the volatility surface and
calibrates parameters to match observed prices. While
computationally efficient, these methods are sensitive to
model misspecification and do not naturally quantify
uncertainty in price estimates. The second category employs
nonparametric methods such as kernel smoothing or spline
interpolation, but these approaches struggle to enforce the
global consistency requirements imposed by no-arbitrage.

This paper introduces a fundamentally different approach
based on Bayesian inference and message passing. We treat
the true arbitrage-free price surface as an unknown quantity
to be inferred from noisy observations, with no-arbitrage

constraints encoded as hard constraints on the posterior
distribution. The Cascading Algorithm propagates
probabilistic information across a lattice of option contracts,
with each node refining its posterior based on both direct
observations and information received from neighbours.

The name "Cascading" reflects the algorithm's structure:
information flows in waves from the most liquid,
well-observed contracts (typically at-the-money options
with near-term expiry) outward to less liquid regions of the
strike-maturity space. Each wave refines the posterior
distributions ~ while  maintaining consistency  with
no-arbitrage requirements. This structure mirrors the
economic intuition that liquid contracts anchor the price
surface, with less liquid contracts priced relative to their
neighbours.

Our contributions are threefold: (1) we develop the
mathematical framework for Bayesian option pricing with
hard no-arbitrage constraints; (2) we prove convergence of
the Cascading Algorithm and establish rates of posterior
concentration; (3) we demonstrate superior empirical
performance on real options data.

II. RELATED WORK

A. Option Pricing Models

The Black-Scholes model [1] assumes constant volatility
and log-normal price dynamics, yielding closed-form option
prices. The implied volatility surface - obtained by inverting
Black-Scholes prices - reveals systematic deviations from
this assumption, motivating extensions. Dupire [3] showed
that any arbitrage-free price surface can be explained by a
deterministic local volatility function o(S,t), which can be
extracted from option prices via the Dupire equation. Heston
[4] introduced stochastic volatility, modelling volatility itself
as a mean-reverting process correlated with the underlying
price.



Calibration of these models to market data is typically
performed via least-squares optimisation, minimising the
discrepancy between model and observed prices [6].
Regularisation is often required to ensure stability, and the
resulting point estimates provide no measure of uncertainty.
Recent work by Cont and Tankov [7] emphasises the
importance of model uncertainty in derivative pricing.

B. Arbitrage-Free Interpolation

Direct interpolation of option prices or implied volatilities
can violate no-arbitrage constraints, leading to negative
butterfly spreads or calendar spread arbitrage. Fengler [§]
developed arbitrage-free smoothing using constrained
least-squares on the implied volatility surface. Gatheral and
Jacquier [9] proposed the SVI (Stochastic Volatility
Inspired) parameterisation, which guarantees absence of
butterfly arbitrage by construction. However, these methods
do not provide a probabilistic framework for uncertainty
quantification.

C. Bayesian Methods in Finance

Bayesian approaches to financial modelling have gained
traction following advances in Markov Chain Monte Carlo
(MCMC) methods [10]. Jacquier et al. [11] developed
Bayesian estimation of stochastic volatility models.
Johannes and Polson [12] surveyed MCMC methods for
continuous-time finance. More recently, particle filtering has
been applied to sequential estimation of volatility states
[13].

However, existing Bayesian approaches typically treat each
option independently or impose parametric model structure.
Our Cascading Algorithm is distinguished by its explicit
enforcement of no-arbitrage constraints across the entire
price surface, combined with non-parametric flexibility.

D. Belief Propagation

The Cascading Algorithm draws on techniques from belief
propagation in probabilistic graphical models [14]. Belief
propagation performs exact inference on trees and provides
excellent approximations on graphs with cycles (loopy
belief propagation). Convergence of loopy BP has been
analysed by Tatikonda and Jordan [15], who established
conditions under which fixed points are unique. Our analysis
extends these results to the constrained setting required for
arbitrage-free pricing.

III. MATHEMATICAL FRAMEWORK

A. Notation and Definitions

We consider European options on a single underlying asset
with spot price So. Let K denote the strike price and T the
time to maturity. The option price surface is a function C: R+
x . — [+ mapping (K, T) to the call option price.

Definition 1 (Arbitrage-Free Price Surface). A call option
price surface C(K, T) is arbitrage-free if and only if:
(i) 0C/0K < 0 (monotonicity in strike)
(i) 0°C/0K? > 0 (convexity in strike, no butterfly
arbitrage)
(ii1) 6C/0T > 0 (monotonicity in maturity, no calendar
arbitrage)

(iv) max(Se - Ke™, 0) < C(K,T) < So (no-arbitrage
bounds)

Definition 2  (Risk-Neutral Density).
Breeden-Litzenberger formula [16], the
probability density of the terminal stock price is:

4(S_T| K, T) = e\T) - 0°C/OK? |_{K=S_T}

The convexity constraint (ii) ensures q > 0, i.e., the implied
density is non-negative.

Definition 3 (Option Lattice). We discretise the (K, T)
space into a lattice L = {(K;, T;) :i=1,...,m, j = 1,...,n} with
strikes K1 < K. < ... <K, and maturities T: < T: < ... < T,.
Each node (i,j) corresponds to an option contract with
unknown true price C;;.

By the
risk-neutral

Definition 4 (Observation Model). For each node (i,j), we
observe Nj transaction prices {Yj},,"-" with observation
noise:

Y {ik} = C {ij} +e {ijk}, & {ij,k} ~N(O, 0> {ij})
where the noise variance o%; reflects bid-ask spread and may
vary across the lattice.

B. Bayesian Formulation

Definition 5 (Constrained Prior). Let C = (C;) €& R™
denote the vector of all option prices. The prior distribution
is:

7(C) o< m(C) - 1_{A}(C)
where mo is an unconstrained base prior (e.g., Gaussian

process) and A is the set of arbitrage-free price
configurations satisfying Definition 1.

Definition 6 (Posterior Distribution). Given observations
Y = {Y};x}, the posterior is:

p(C1Y) e m(C) - 11} TLANY_{ij.k} | C_{ij} o°_{ij})
Direct sampling from this posterior is intractable due to the
global nature of arbitrage constraints. The Cascading
Algorithm provides an efficient approximation.

IV. THE CASCADING ALGORITHM

A. Message Passing Framework

The key insight enabling tractable inference is that arbitrage
constraints are local: they involve only neighbouring nodes
in the lattice. Specifically, butterfly arbitrage involves three
consecutive strikes at fixed maturity, while calendar
arbitrage involves two consecutive maturities at fixed strike.
This local structure admits a  message-passing
decomposition.

Definition 7 (Message). A message m;_;(C;) from node i to
adjacent node j is a function representing i's belief about j's
price, marginalising over i's own uncertainty:
m_{i—=j}(C_j) =[y_{ii}(C_i, C_j) - b_i(C_i) - TL{kENG)j}
m_{k—i}(C i) dC i

where ; is the pairwise potential encoding arbitrage
constraints, b; is the local evidence at node i, and N(i)
denotes neighbours of i.

Definition 8 (Pairwise Potentials). For horizontal

neighbours (same maturity, adjacent strikes):

w H(C i, C_{i+1}) = 1[C_i > C_{i+1}] - exp(-A_H(C_i - C_{i+1} -
4 H)?)



where Ay is the expected price decrease per unit strike (from
prior model) and Ay controls the strength of the prior. The
indicator enforces the hard monotonicity constraint. For
vertical neighbours (adjacent maturities), an analogous
potential yy enforces C;; < Cj..

L =

Definition 9 (Butterfly Potential). To enforce convexity,
we introduce a three-node potential for each horizontal triple
(i-1, 1, i+1):

w B(C {i-1}, C i, C {i+1}) =1/C {i-1} + C {i+1} >2C i]
which ensures non-negative butterfly spreads.

B. Cascading Update Order

Standard belief propagation updates messages in parallel or
random order. The Cascading Algorithm instead uses a
structured update order that reflects the liquidity hierarchy
of options markets.

Definition 10 (Cascade Order). Define the liquidity score
L; = Ny / o (number of observations divided by noise
variance). The cascade proceeds in rounds, processing nodes
in decreasing order of liquidity score within each round.

Algorithm 1: Cascading Belief Propagation
Input: Observations Y, noise variances o?,
prior params
Output: Posterior marginals {p(C_ij | Y)}

1: // Initialisation

2: for all nodes (i,7) do

3: b ij < LocalLikelihood(Y 1ij, o* ij)
4: L ij « N ij / o? ij // Liquidity
score

5: m {-ij} « Uniform // Initialise

messages
6: end for

7: order « SortDescending(nodes, by L ij)
8: // Cascading iterations

9: for round « 1 to R do

10: for (i,3) in order do

11: // Compute belief at (i,73)

12: p_ij < b_ij - [_{kEN(i,3)}

m {k-ij}

13: p_1j « ProjectArbitrageFree(p_1ij)
14: // Send messages to neighbours
15: for k € N(i,]j) do

16: m_ {ij-k} «

ComputeMessage (p_1ij, ¥, k)

17: end for

18: end for

19: if Converged(messages) then break

20: end for
21: return {p_1ij}

C. Projection onto Arbitrage-Free Set

Line 13 of Algorithm 1 projects the belief onto the
arbitrage-free set. This is performed locally by adjusting the
distribution to satisfy constraints with immediate
neighbours.

Algorithm 2: ProjectArbitrageFree

Input: Belief p(C_ij), neighbour beliefs
Output: Projected belief p~(C ij)

1: // Compute constraint bounds
2: C lower « max(C {i+1l,Jj}.mean,
C {i,3-1}.mean)

3: C_upper « min(C_{i-1,Jj}.mean,

C {i,j+1}.mean)

// Butterfly constraint

C butterfly « (C _{i-1,j}.mean +
~{i+1,3j}.mean) / 2

C_upper « min(C_upper, C_butterfly)
// Truncate distribution

~N o QO

8: p (C_ij) « p(C_ij) - 1[C_lower < C_ij <

C_upper]
9: p (C_1ij) « Normalise(p~™(C_1ij))
10: return p~(C_1ij)

V. THEORETICAL ANALYSIS

A. Convergence of Message Passing

Definition 11 (Message Norm). For messages represented
as log-densities, define the norm |m|| = sup, |m(x)|. The
message space is the set of bounded log-densities with this
norm.

Lemma 1 (Message Contraction). Under the pairwise
potentials of Definition 8, the message update operator T
satisfies:

[|T(m) - T(m)|| <p [|m - m]
with contraction factor p = (d-1)/d < 1, where d is the

maximum node degree in the lattice (d = 4 for interior
nodes).

Proof. Consider the message update from node i to node j.
The update involves integrating over C; with weight
proportional to y; times the product of incoming messages.
Write the belief at i as:

b i(C i) o< exp(h_i(C i) + X2 {kEN(@I)} m_{k—i}(C i)
where h; is the local log-evidence. The message to j depends
on all incoming messages except m;_,;. If we perturb one
incoming message m,_,; by amount 9§, the effect on m,_; is
attenuated by the presence of the other d-2 messages plus
the local evidence. By the log-sum-exp inequality:

[Am_{i—j}| < (1/(d-1)) - |9]
Summing over all d-1 incoming messages (excluding j), the
total perturbation is bounded by p|m - m'| where p =

(d-1)/d. For the lattice, d = 4 at interior nodes, giving p =
3/4. o

Theorem 1 (Convergence). The Cascading Algorithm
converges to a unique fixed point of the message-passing
equations. After R rounds, the approximation error is
bounded by:

|lm"(R) - m*|| <p™R - ||m™(0) - m¥||

where m* is the fixed point and p = 3/4 for a rectangular
lattice.

Proof. By Lemma 1, the message update operator T is a
contraction in the sup-norm. By the Banach fixed-point
theorem, T has a unique fixed point m* and iteration
converges geometrically: [|[m® - m*|| < p®¥m© - m*||. The
cascade order does not affect the fixed point, only the
convergence trajectory. O

Corollary 1. To achieve g-approximation, R = O(log(1/¢))
rounds suffice.

B. Posterior Concentration

Definition 12 (True Price Surface). Let C* = (C*;) denote
the true arbitrage-free price surface from which observations
are generated.

Theorem 2 (Posterior Concentration). Let p(C | Y) be the
posterior computed by Algorithm 1. For each node (i,j), let
W; and Z; be the posterior mean and variance. Then:



l_{ij} - C*_{ij}| = O_p(INN_{ij})
2_{ij} = O(@°_{ij}/N_{ij})
as N;; — oo, uniformly over nodes.

Proof. We analyse the posterior at node (i,j) conditional on
converged messages from neighbours. The effective
observation at (i,j) combines direct observations with
"pseudo-observations" from messages.

Step 1: Direct observations contribute sufficient statistic Yj
= (I/N,J)Zk Yij,k with variance Gzij/Nij. By CLT, Yl] = C*U +
O,(1ANy).

Step 2: Messages from neighbours provide additional
information. At convergence, the message m,_,; concentrates
around C*; (since neighbour posteriors concentrate around
true prices, and constraints propagate). The effective
precision from messages is bounded by O(Zenj) 1/Z).

Step 3: Combining direct and message-derived precision, the
posterior variance is X; = (N/o%; + £, 1/Z,)". Since X, itself
is O(c*/Ny), and assuming comparable sample sizes, X; =
O(c%/N;). The posterior mean, being a precision-weighted
average of Y;; and message means, is within Op(l/\/Nij) of
C*.o

C. Computational Complexity

Theorem 3 (Complexity). Algorithm 1 runs in O(R - mn -
K?) time and O(mn - K) space, where m X n is the lattice
size, K is the number of discretisation points for each price
distribution, and R is the number of rounds.

Proof. Each message is a function represented on K
discretisation points. Computing one message requires
O(K?) operations (integration over sender's K points for each
of receiver's K points). Each round processes all mn nodes,
each sending O(1) messages (constant degree). Storage is
O(K) per message, with O(mn) messages. Total: O(R - mn -
K?) time, O(mn - K) space. By Corollary 1, R = O(log(1/¢))
for e-convergence. O

Corollary 2. With K = 100 discretisation points, m = 20
strikes, n = 12 maturities, and R = 10 rounds, the algorithm
requires approximately 2.4 x 10° operations, completing in
under 50 milliseconds on a 3 GHz processor.

VI. EXPERIMENTAL EVALUATION

A. Data and Setup

Dataset: We use end-of-day options data from the Chicago
Board Options Exchange (CBOE) for S&P 500 index
options (SPX) from January 2010 to December 2015. The
dataset contains approximately 2.3 million option quotes
across 1,500 trading days. We filter for options with open
interest exceeding 100 contracts and bid-ask spread below
10% of mid-price, yielding approximately 1.1 million
high-quality observations.

Lattice construction: For each day, we construct a lattice
with strikes at 5-point intervals from 80% to 120% of spot,
and maturities at 1, 2, 3, 6, 9, 12, 18, and 24 months. This
yields approximately m = 17 strikes x n = 8 maturities = 136
nodes per day.

Baselines: We compare against: (1) Black-Scholes with
implied volatility interpolation; (2) Local volatility via

Dupire calibration [3]; (3) SABR stochastic volatility model
[17]; (4) SVI parameterisation [9]; (5) Naive Bayesian
(Gaussian process without arbitrage constraints).

Implementation:  The  Cascading  Algorithm  was
implemented in Python wusing NumPy for numerical
operations. Experiments were run on a workstation with
Intel Xeon E5-2670 v3 (2.3 GHz, 12 cores) and 64 GB
RAM. The prior parameters (Ay, Ay) were set via
cross-validation on 2010-2012 data.

B. Pricing Accuracy

TABLE I
RooT MEAN SQUARED PRICING ERROR ($ PER CONTRACT)
Method ATM OT™M All
Black-Scholes 2.14 4.87 3.72
Local Vol 1.43 291 2.28
SABR 1.28 2.54 1.98
SVI 1.21 2.38 1.87
Naive Bayes 1.52 3.41 2.56
Cascading 0.94 1.72 1.39

Table I reports RMSE on held-out test data (2013-2015).
The Cascading Algorithm achieves 1.39 overall RMSE,
representing 23% improvement over SVI (the best baseline)
and 31% improvement over naive Bayesian. Improvements
are largest for OTM options where liquidity is lower and
arbitrage constraints are most informative.

C. Arbitrage Violations

TABLE II
ARBITRAGE VIOLATIONS (% OF DAYS WITH VIOLATIONS)
Method Butterfly Calendar

Raw Data 34.2% 18.7%
Black-Scholes 12.8% 8.3%
SVI 0% 3.1%
Naive Bayes 21.4% 11.2%
Cascading 0% 0%

Table II shows that the Cascading Algorithm completely
eliminates arbitrage violations by construction. Raw market
data exhibits violations on over a third of trading days; the
naive Bayesian approach reduces but does not eliminate
violations; our algorithm guarantees arbitrage-free outputs.

D. Convergence and Timing

TABLE III

CONVERGENCE AND COMPUTATIONAL PERFORMANCE

Metric Value
Rounds to 6.3
converge (avg)
Rounds to 11
converge (max)
Time per chain 47.2
(ms)
Observed 0.71
contraction p
Table III confirms theoretical predictions. Average

convergence in 6.3 rounds (maximum 11) matches the
O(log(1/¢)) bound. The observed contraction factor p = 0.71
is better than the worst-case 0.75, likely due to the cascade



ordering. Processing time of 47 ms per options chain enables
real-time deployment.

VII. CONCLUSION

This paper has introduced the Cascading Algorithm for
Bayesian arbitrage-free option pricing. By combining belief
propagation with hard no-arbitrage constraints, the
algorithm  achieves  both  theoretical  guarantees
(convergence, posterior concentration) and strong empirical
performance (23% error reduction vs. best baselines). The
framework naturally propagates information from liquid to
illiquid contracts while quantifying uncertainty.

Several extensions merit investigation. First, the framework
could be extended to American options, which require
handling early exercise boundaries. Second, time-varying
parameters could capture intraday dynamics. Third, the
approach could be applied to other derivative instruments
such as variance swaps or exotic options. Finally,
incorporating transaction costs into the arbitrage constraints
would yield actionable trading signals.
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